We study the Merton portfolio optimization problem in the presence of stochastic volatility using asymptotic approximations when the volatility process is characterized by its time-scales of fluctuation. This approach is tractable because it treats the incomplete markets problem as a perturbation around the complete market constant volatility problem which is well-understood. When volatility is fast meanreverting, this is a singular perturbation problem for a nonlinear Hamilton-Jacobi-Bellman PDE, and when volatility is slowly varying, it is a regular perturbation. These analyses can be combined for multifactor multiscale stochastic volatility models. The asymptotics shares remarkable similarities with the linear option pricing problem, using the properties of the Merton risk-tolerance function. We give examples in the family of mixture of power utilities and also we use our asymptotic analysis to suggest a "practical" strategy which does not require tracking the fast-moving volatility. In this paper, we present formal derivations of asymptotic approximations, but we indicate the steps for a convergence proof in the case of power utility and single factor stochastic volatility, and we assess our approximation in a particular case where there is an explicit solution.
Introduction
The Merton problem of portfolio optimization in continuous-time stochastic models has a long history dating to the seminal papers by Robert Merton published in 1969 and 1971 and re-printed in Merton [1992 . There, he was able to produce explicit solutions for how to allocate investment capital between risky stocks and a riskless money-market account, when the stocks are modeled as geometric Brownian motions (that is, they have constant volatilities), and when the utility function that describes the investor's risk-aversion is of some specific types.
Since then, the basic problem has been generalized in many directions too numerous to catalog exhaustively. In particular, the duality theory (or martingale method) developed by Pliska [1986] , Karatzas et al. [1987] and Cox and Huang [1989] , among others, led to a revolution in thinking as to how these problems should be studied in abstract settings, culminating in the very general analysis of Kramkov and Schachermayer [1999] in the context of semimartingale models of incomplete markets.
The goal of this article is to study the optimal investment problem within multiscale stochastic volatility models. In this context, asymptotic analysis has been developed over a number of years to simplify option pricing problems, and this is described in the recent book Fouque et al. [2011] . The singular and regular perturbation methods there can be used for effective approximations of the linear pricing problem; here we present new results for the nonlinear Merton problem for general utility functions on I R + . This extends earlier analysis for simple power utilities in Fouque et al. [2000, Section 10 .1], and expansions for the partial hedging problem in Jonsson and Sircar [2002a,b] in the dual problem, both for fast mean-reverting stochastic volatility. Here, we construct the expansion directly in the primal problem under both fast and slow volatility fluctuations. Indifference pricing approximations with exponential utility and fast volatility were studied in Sircar and Zariphopoulou [2005] .
We work under the multiscale stochastic volatility framework used in Fouque et al. [2011] for option pricing, where there is one fast volatility factor, and one slow. Here, the volatility is a function σ of a fast factor Y and a slow factor Z: σ(Y t , Z t ). The stock or index price process S and its volatility-driving factors (Y, Z) are described by:
t ,
where the standard Brownian motions W (0)
t are correlated as follows:
where |ρ 1 | < 1, |ρ 2 | < 1, |ρ 12 | < 1, and 1 + 2ρ 1 ρ 2 ρ 12 − ρ 2 1 − ρ 2 2 − ρ 2 12 > 0, in order to ensure positive definiteness of the covariance matrix of the three Brownian motions. The model is described by the coefficients µ, σ, b, a, c and g, and the parameters ε and δ, when small, characterize the fast and slow variation of Y and Z factors respectively. Further technical details of the model are presented during the formal asymptotic calculations in the following sections.
As alluded to in Chacko and Viceira [2005] for instance, two volatility factors, one fast and one slow, need to be considered simultaneously, but the existing literature handles models with only one volatility component. Typically these results are applied to the effects of the slow factor. In Chacko and Viceira [2005] , at the end of their Section 5.1, the authors explicitly state:
"The estimate of the reversion parameter κ in the precision equation implies a half-life of a shock to precision of about 2 years in the monthly sample. The rate of mean reversion is slower in the annual sample, where the estimate of the half-life of a shock to precision is about 16 years. French, Schwert and Stambaugh (1987) , Schwert (1989), and Campbell and Hentschel (1990) have also found a relatively slow speed of adjustment of shocks to stock volatility in low frequency data. This slow reversion to the mean in low frequency data contrasts with the fast speed of adjustment detected in high frequency data by Andersen, Benzoni and Lund (1998) .
These results suggest that there might be high frequency and low frequency (or long-memory) components in stock market volatility (Chacko and Viceira, 2003 The main contribution of our work is to be able to treat the portfolio optimization problem with general utility functions allowing for non-constant risk aversion (in contrast to the case of power utilities), and in the context of incomplete markets with stochastic volatility. We achieve this by driving volatility with two factors, one on a fast time scale and one on a slow time scale, and using perturbation methods. Surprisingly, the first corrections in the expansion of the value function are given explicitly in term of the derivatives of the leading order value (itself solution of the nonlinear PDE for the Merton problem with constant Sharpe ratio). The asymptotic analysis here for the nonlinear portfolio problem has remarkable similarities with that for the linear European option pricing problem, thanks to the properties of a specific "risk-tolerance" function, specifically that it satisfies Black's (fast diffusion) PDE.
To keep the presentation manageable, we focus on the analysis of the two factors separately. We begin in Section 2 with the case of fast mean-reverting stochastic volatility, which leads to a singular perturbation problem for the associated HJB PDE. In Section 3, we analyze the case of slowly fluctuating volatility, which leads to a regular perturbation problem, and reveals a useful "Vega-Gamma" relationship for the classical Merton value function. Section 4 discusses how the fast and slow results can be combined for approximations under multiscale stochastic volatility.
Section 5 proposes a "practical" portfolio strategy for the multifactor mutiscale volatility model. The advantage of this strategy is that it does not require tracking the fast volatility factor. In Section 6.1, we quantify the suboptimality of the practical strategy within a specific stochastic volatility model. In Section 6.2, we introduce the family of mixture of power utility functions, which allows for non-constant relative risk aversion, specifically, declining with increasing wealth. We present numerical solutions to illustrate the tractability of the asymptotic approximations. We indicate how an accuracy proof can be constructed for power utilities and one-factor stochastic volatility in Section 6.3. In Section 6.4, we compare our approximation within a model with explicit solution. Section 7 concludes and suggests directions of extension.
Merton Problem under Fast Mean-Reverting Stochastic Volatility
We first analyze the Merton problem with general terminal utility function under fast mean-reverting stochastic volatility. We have the following dynamics for a stock or index price process S :
where W (0) and W (1) are Brownian motions with instantaneous correlation coefficient between volatility and stock price shocks ρ 1 ∈ (−1, 1). Here the process Y t = Y
t/ε in distribution, where we assume that Y (1) is an ergodic diffusion process with unique invariant distribution Φ. We use the notation · for averaging with respect to Φ:
The ergodicity models mean-reversion of volatility, while the parameter ε > 0 characterizes the typical time-scale over which it returns to its long-run mean level. We are interested in the fast mean-reverting regime, that is ε ↓ 0. For a detailed exposition of stochastic volatility time scales, we refer to [Fouque et al., 2011, Chapter 3] . For a general reference on the extensive literature on the Merton problem under various market frictions, particularly by dynamic programming methods, we refer to the recent book Pham [2009] . The Sharpe ratio defined by
plays a central role in the Merton problem. Let X denote the wealth process and π t the amount of wealth an investor holds in stock at time t, with the remaining held in a money market account paying interest at rate r. With continuous self-financing trading, we have
t . For simplicity of exposition and without loss of generality, we will take r = 0 throughout.
The investor has a terminal utility function U(x) on I R + which satisfies the "usual conditions" (Inada and Asymptotic Elasticity):
and which is smooth on (0, ∞), and a fixed investment horizon T < ∞. We define the value function
where the supremum is taken over admissible strategies which satisfy
and we assume that
Note that by choosing µ and σ to be constant, this assumption implies that the value function for the classical Merton problem, which is independent of y and ε, is also smooth
The associated Hamilton-Jacobi-Bellman (HJB) PDE is
with the terminal condition V ε (T, x, y) = U(x), and where L 0 is the infinitesimal generator of the process Y (1) :
Maximizing the quadratic expression in π, the optimal portfolio is given by
and so the HJB equation becomes
We observe that (7) is a fully nonlinear PDE which is not easily solved either analytically or numerically, for general utility functions. In the limit ε → 0, it is a singular perturbation problem, and our approach is to construct an asymptotic approximation. This approach has been used to simplify a host of derivative pricing problems which are characterized by linear PDEs as detailed in Fouque et al. [2011] , and summarized later in Section 2.3. There, the challenges involve non-smoothness of option payoffs and boundary conditions for non-European options. Here, the terminal condition is smooth but the main challenge is the nonlinearity of the PDE.
Expansion of Value Function
We look for an expansion of the value function of the form
Inserting this expansion into (7), and collecting terms in successive powers of ε, we obtain at the highest order ε −1 :
Since L 0 takes derivatives in y, this equation is satisfied by v (0) (t, x) independent of y. With this choice, we have v (0) y = 0, and so the nonlinear term is now, up to order √ ε:
Therefore, at next order ε −1/2 , there is no contribution from the nonlinear term, and we obtain L 0 v (1) = 0, and again, we satisfy this equation with
Collecting the order one terms leads to:
Risk-Tolerance Function, Operators and Constant λ Merton Problem
It is convenient at this stage to introduce the risk-tolerance function R (0) (t, x) from the zeroth order value function:
We also define the differential operators
and the linear operator
whose coefficients depend on v (0) (t, x). Our reason for introducing these operator notations will become clear in the derivation of the second term v (1) in the expansion. We shall also use the notation M(t, x; λ) for the Merton value function when the growth rate µ, the volatility σ and hence the Sharpe ratio λ are constant. Removing the y-derivatives in (7), it is clear that M is the solution of the PDE problem
and we shall assume throughout that (12) has a unique solution that is smooth on [0, T ]×(0, ∞) and differentiable with respect to λ. We will develop some results about the constant λ Merton value and risk-tolerance functions as we need them for the asymptotic analysis, specifically the fast diffusion equation (Lemma 2.1) and the "Vega-Gamma" relationship (Lemma 3.1).
Zeroth Order Term v (0)
Using the notation introduced in (11), equation (8) can be re-written
because
Equation (13) 
where we define
and the constant square-averaged Sharpe ratio (14) is the nonlinear PDE (12) for the Merton problem with constant Sharpe ratio λ, and so, from (12), v (0) (t, x) = M(t, x; λ).
First Order Term v (1)
From (13) and (14), we have
This is a Poisson equation for v (2) whose solutions that are in L 2 (Φ) (ensuring reasonable behavior at infinity) differ by a constant (see, for instance, [Fouque et al., 2011, Section 3.2] ). Therefore,
where
and C is a constant (in y) of integration. Now the nonlinear term is, up to order √ ε:
where C no longer appears.
At order √ ε, we have
Using the operator notations D k and L t,x,y introduced in (10) and (11), this can be re-arranged as:
Equation (18) is a Poisson equation for v (3) whose solvability condition is
where we define the constant
Since v (0) already satisfies the terminal condition for the full problem, that is
Note that (19) is a linear PDE for v (1) with varying coefficients and a source term depending on v (0) . In the next subsection, we derive an explicit expression for v (1) in terms of v (0) .
Explicit Expression for v
( 1) We have to solve the linear PDE problem (19), with a zero terminal condition. We note that from (9):
so we could alternatively write (19) as
Lemma 2.1. The risk-tolerance function R (0) (t, x) satisfies the fast diffusion PDE:
Proof. Differentiating (14) with respect to x gives
x , and so
which gives that
Next, differentiating (9) with respect to t gives
Differentiating (23) with respect to x, we have
and substituting this and (23) into (24) 
Proof. For any smooth w(t, x), we compute
Then
where we have used (22) and (25).
Proof. This follows easily from
and (14).
Proposition 2.5. The unique solution to the linear PDE (19) with zero terminal condition is given by
or, equivalently,
Proof. Computing:
so (26) solves the linear PDE (19). It also satisfies the zero terminal condition, and therefore is the unique solution.
We obtain (27) by using (21) in (26).
Transformation to Heat Equation
An alternative way to obtain the expression (26) for v (1) is to use a transformation to make the linear operator L t,x , which has (t, x)-dependent coefficients, into the constant coefficient heat operator H given below. To this end, we define the new variable
Making the substitution v (0) (t, x) = w (0) (t ′ , ξ), where t ′ = t, we have
Substituting into (15) gives
Therefore, w (0) solves the backwards heat equation
with terminal condition that depends on the solution through the ξ transformation. The correction is given by v (1) (t, x) = w (1) (t ′ , ξ), where w (1) solves the heat equation with source:
The solution is
ξξ . Returning to (t, x) co-ordinates gives (26).
Comparison with Option Pricing Asymptotics
We briefly review the fast mean-reverting option pricing asymptotic approximation described in Fouque et al. [2011] , as there are some remarkable similarities one would not expect. The no arbitrage price of a European option with payoff h(S T ) (under zero interest rates) is given by the following conditional expectation:
under the (market-selected) risk-neutral measure I P ⋆ , where the dynamics of (S , Y) is described by
Here, W (0)⋆ and W (1)⋆ are I P ⋆ -Brownian motions with correlation structure I E ⋆ {dW (0)⋆ dW (1)⋆ } = ρ 1 dt, and Λ is the market price of volatility risk. Then a singular perturbation analysis of the the linear PDE problem that is solved by P ε shows that
where the zeroth order term is the Black-Scholes option price with square averaged volatilityσ 2 = σ(·) 2 . It does not depend on the current level Y t = y, and it is the solution of the PDE problem
where the Black-Scholes operator is defined by
Note that the operators D k relevant for this problem are logarithmic derivatives that can be converted to a polynomial of regular derivatives by changing to log-stock variables.
The correction term P 1 also does not depend on the current level Y t = y, and is the solution of the inhomogeneous Black-Scholes PDE
with zero terminal condition: P 1 (T, S ) = 0. The constant group parameters V 3 and V 2 contain the effect of the correlation ρ 1 and the volatility risk premium Λ respectively:
where φ(y) is a solution of the equation
Then it is straightforward to show that the operators L BS and D k commute, and as a consequence, the explicit solution P 1 of (28) is given by
Comparing with the analysis of the nonlinear Merton problem in the previous sections: the role of the stock price variable S is played by the wealth variable x; the role of the Black-Scholes price P BS is played by the Merton value function v (0) ; the role of the square-averaged volatility parameterσ by the square-averaged Sharpe ratio λ; the role of the D k by D k ; the role of the Black-Scholes operator L BS by L t,x . Furthermore, as the option price correction can be found in terms of Greeks up to third-order (D 1 D 2 ) in the stock price of P BS , the correction v (1) to the value function can be found in terms of D 1 D 2 derivatives of v (0) (formula (27)). The parameter V 3 in the options problem is replaced by B in the portfolio problem (with θ in (17) playing the role of φ), and there is no market price of volatility risk in the control problem which is with respect to the historical measure I P.
We also point out that a similar comparison with option pricing asymptotics can be made with the slow scale volatility expansion we will construct in Section 3 as well as the combined multiscale expansion in Section 4, but we omit the comparison here for space. In the option pricing problem, model hypotheses and a proof of accuracy of the asymptotic approximation is given in [Fouque et al., 2011, Chapter 4] . In Section 6.3, we highlight how this proof for the linear problem can be applied to a particular class of Merton problems under power utility which can be linearized.
Optimal Portfolio
Recall the expression for the optimal portfolio π * in (6). Inserting the expansion up to terms in √ ε gives π * = π ε + higher order terms, where we define using (16) . This can be written:
Substituting from (27) gives
We observe that while the first two terms in the value function expansion v (0) + √ ε v (1) do not depend on the current level Y t = y of the fast factor, the first two terms of the optimal portfolio expansion do depend on tracking the fast factor. In Section 5, under the multiscale model, we propose a "practical" strategy that does not depend on doing this. In the following subsection, we show that the order √ ε correction to the portfolio only impacts the value function at order ε, so the order √ ε value can be realized by following the order zero policy.
Using the Moving Merton Strategy
We demonstrate that using the "moving Merton" zeroth order suboptimal strategy π (0) = λ(y) σ(y) R (0) results in the optimal value up to first order √ ε, and so the corrections to the strategies impact the value function only at the v (2) term (order ε).
We have π
where R (0) (t, x) was defined in (9), and where now the wealth process X follows:
We call this the moving Merton policy because it is the Merton strategy that moves with the volatility factor Y. The value of this strategy isṼ
which solves the linear PDẼ
The PDE can be re-written as:
where L 0 was defined in (5), L t,x,y in (11), and
with D k as in (10).
Next we expand
and we will show thatṽ (0) ≡ v (0) andṽ (1) ≡ v (1) , and soṼ ε coincides with V ε up to and including order √ ε. Inserting the expansion and comparing powers of ε, we find at order ε −1 :
and we satisfy this equation withṽ (0) =ṽ (0) (t, x), independent of y. At order ε −1/2 :
and since L 1ṽ (0) = 0, we again chooseṽ (1) =ṽ (1) (t, x), independent of y, to satisfy this equation. At the next order:
As L 1ṽ (1) = 0, this is a Poisson equation forṽ (2) whose solvability condition is
where the averaging · was defined in (3).
where L t,x is given in (15). Expanding the terminal condition, we haveṽ (0) (T, x) = U(x), which is the same as for v (0) in Section 2.1. From (14), v (0) satisfies the same PDE and terminal condition, and thereforẽ
which is a Poisson equation forṽ (3) whose solvability condition is
We know that
where θ is a solution of the corrector equation (17), andC is a constant (in y) of integration. Therefore (33) is
where B was defined in (20), and we have used (21). The terminal condition isṽ (1) (T, x) = 0, and so we haveṽ
from Proposition 2.5. We conclude that using π
t recovers the optimal value function up to order √ ε.
Slow Scale Volatility Asymptotics
We now perform a similar analysis under the assumption that stochastic volatility is slowly fluctuating. We show in Section 4 that under two-factor multiscale stochastic volatility models, with both a fast and a slow factor, the results of the fast analysis in the previous section and the slow analysis in this section essentially combine together. We have the model
where W (0) and W (2) are Brownian motions with instantaneous correlation coefficient between volatility and stock price shocks ρ 2 ∈ (−1, 1), and δ is the small time-scale parameter for expansion. Here, Z t = Z
δt in distribution, where Z (1) is a diffusion process with drift and diffusion coefficients c and g respectively. We do not need any ergodicity assumptions on Z (1) for the slow scale asymptotics in the limit δ ↓ 0, but we require µ(z) and σ(z) to be differentiable.
The HJB equation for the value function of the Merton problem
, and where M 2 is the infinitesimal generator of the process Z (1) :
Slow Scale Expansion
We look for an expansion of the form
Then it follows by setting δ = 0 that v (0) solves
That is, the principal term is the Merton value function with frozen Sharpe ratio λ(z) = µ(z) σ(z) :
where M(t, x; λ) was defined in Section 2.1.1. Taking the order √ δ terms leads to
where now L t,x has coefficients depending on z:
Note that, even with our re-defined notation, we still have relation (21), namely
We can also re-write (37) as
and Lemmas 2.1, 2.3 and 2.4 hold because z is just a parameter. The following Lemma enables us to construct the solution to (38).
Lemma 3.1. The Merton value function v (0) obeys the "Vega-Gamma" relation
Proof. We know that L t,x v (0) = 0. Differentiating this PDE with respect to z gives
Using Lemma 2.3, we see that the solution is given by (43). This is similar but slightly different from the Vega-Gamma relationship for European option prices in the Black-Scholes model (see, for instance [Fouque et al., 2011, Section 1.3.5] ), which says that the BlackScholes European option price when volatility is a constant σ, P BS (t, S ; σ) in the notation of Section 2.3, satisfies ∂ ∂σ P BS = (T − t)σS 2 ∂ 2 ∂S 2 P BS , which is used to connect convex payoffs to long volatility positions. In terms of M(t, x; λ), the Merton value function corresponding to constant Sharpe ratio λ introduced in Section 2.1.1, relationship (43) is simply
where by R we mean the risk tolerance function R = −M x /M xx . The signs make sense because the "Vega" on the left is positive (value increases with Sharpe ratio) and the "Gamma" on the right is negative because M is concave in x. We re-write the equation (38) for v (1) (t, x, z) as:
Proposition 3.2. The slow scale correction is given by
Proof. From (43), we see that v (1) solves
The solution with zero terminal condition is
where in the last step we use (43).
Remark 3.3. Assuming µ is constant, we use (44) to write the formula (46) as
where the group parameter V δ 1 (z) is given by
In fact, V δ 1 can be calibrated from the skew of the implied volatility surface from options written on the stock S , as described in [Fouque et al., 2011, Chapter 5] . Therefore the principal impact of stochastic volatility on the Merton problem can be captured knowing only the current Sharpe ratio, volatility level and V δ 1 , without estimating explicitly the correlation ρ 2 or g(z) or √ δ.
Optimal Portfolio
When volatility is slowly fluctuating, we have
Inserting the expansion (36) up to terms in √ δ gives π * = π δ + higher order terms, where we define
Remark 3.4. When µ is assumed constant, we have
Therefore, the corrected strategy can be computed in terms of λ, σ and V δ 1 given by (47) and calibrated from the implied volatility skew.
Using the Moving Merton Strategy
We demonstrate that using the "moving Merton" zeroth order suboptimal strategy π (0) = λ σ R (0) results in the optimal value up to first order √ δ, and so the corrections to the strategies impact the value function only at the v (2) term (order δ).
When volatility is slowly fluctuating, model (34), we have the moving Merton policy
where R (0) (t, x, z) is as in (40) and the wealth process X now follows:
The value of using this strategy is given bỹ
The PDE can be re-written:
where M 2 was defined in (35), L t,x in (39), and
with D k is as in (41). Next we expand
Inserting the expansion and comparing powers of δ gives
and soṽ (0) ≡ v (0) by uniqueness. At the next order,
This is the same PDE as (45) for v (1) with the same terminal condition, and so againṽ (1) ≡ v (1) . We conclude that using π
t recovers the optimal value function up to order √ δ. This is in line with the findings of Chacko and Viceira [2005] , who find the intertemporal hedging terms in their model and optimization problem are relatively small.
Merton Problem under Multiscale Stochastic Volatility
We return to the two-factor multiscale stochastic volatility model (1), introduced in Section 1, where there is one fast volatility factor, and one slow. We show that the separate fast and slow expansions to first order (Sections 2 and 3) essentially combine.
Under our simplifying assumption of zero interest rates, the wealth process X of an investor holding π t dollars in the stock at time t follows
has the associated HJB equation
where the nonlinear term is given by
, and the Sharpe ratio is
Here the linear operator M 3 comes from the correlation between the Brownian motions driving the fast and slow factors:
Combined Expansion in Slow and Fast Scales
First we expand in powers of √ δ:
so that V ε,0 is obtained by setting δ = 0 in the equation for V ε,δ :
with terminal condition V ε,δ (T, x, y, z) = U(x). This is the same HJB problem (7) as for the value function V ε except that the Sharpe ratio depends on the frozen slow volatility factor z, which enters as a parameter through the Sharpe ratio. It is clear then that when we construct an expansion of V ε,0 in powers of √ ε:
we will obtain, as in Section 2, that v (0) (t, x, z) is the Merton value function with constant Sharpe ratio λ(z), where
That is, the Sharpe ratio is square-averaged over the fast factor with respect to its invariant distribution, and frozen at the current level of the slow factor. The appropriate modifications for the risk-tolerance functions and our usual operators are:
Therefore, v (0) is the Merton value function with Sharpe ratio λ(z):
Following Proposition 2.5, the correction term v (1,0) is given by
and θ(y, z) solves the ODE (in y)
Next we return to the slow scale expansion (53) and extract the order √ δ terms in (51) to obtain the following equation for V ε,1 :
The terminal condition is V ε,1 (T, x, y, z) = 0.
We look for an expansion
where we are only interested here in the first term which will give the principal slow scale correction to the value function. We observe that since the first two terms in V ε,0 do not depend on y and M 3 takes a derivative in y, then the term ε −1/2 M 3 V ε,0 in the PDE (57) is of order √ ε. Similarly, the middle term in NL
(1) is also order √ ε and will not play a role in finding v (0,1) . The order ε −1 terms in (57) give L 0 v (0,1) = 0 and we take v (0,1) = v (0,1) (t, x, z), independent of y. At order ε −1/2 , we have L 0 v (1,1) = 0 and so again v (1,1) = v (1,1) (t, x, z) . At order one: (2, 1) , this yields the following solvability condition for v (0,1) :
Viewed as a Poisson equation for v
With zero terminal condition, this is the same PDE problem (38) as for the slow scale correction in Section 3, except with λ(z) on the right side replaced by λ(z). This change in constant does not affect the argument of Proposition 3.2, and so we conclude that
In summary, the first-order multiscale correction
+ higher order terms depends on the square-averaged Sharpe ratio λ(z) as well as the straight average λ(z), and the group parameter B(z) defined in (55). This expression highlights that the principal stochastic volatility corrections to the Merton value function are driven by the correlation between volatility factor and returns shocks (measured by ρ 1 and ρ 2 ).
Multiscale Optimal Portfolio
It is straightforward to verify that the optimal portfolio up to orders √ ε and √ δ for the multiscale model is obtained by combining the formulas in the fast and slow cases, (30) and (48) respectively:
Here v (0) (t, x, z) is the Merton value function in (54), and R (0) (t, x, z) is its corresponding risk-tolerance function. The coefficient σ(y, z) is the volatility function in (1), λ(y, z) is the multifactor Sharpe ratio in (52), θ(y, z) is defined in (56), and the formula for B(z) is given in (55). The formula (59) for the approximate optimal portfolio up to orders √ ε and √ δ highlights the contribution from the volatility factor-returns correlations. It can also be interpreted as an expression in terms of the Merton strategy and the sensitivities (or "Greeks") of the Merton value function with respect to the wealth and slow volatility factor levels. The specific Greeks involved are identified by the asymptotic analysis.
Furthermore, combining the results in Sections 2.5 and 3.3, one finds that using the principal (zero order) strategy
recovers the optimal value function up to orders √ ε and √ δ. Note that this strategy requires tracking both fast and slow factors. In addition, the rebalancing prescribed by this strategy has two sources: i) the usual Merton risk-tolerance component R (0) (t, X t , Z t ) moving with the returns on the portfolio X coming from changes in the stock price on an order one time scale, and the slow volatility factor Z; and ii) the coefficient
σ(Y t ,Z t ) which moves also on the fast time scale. The latter source may result in rapid and large rebalancings.
In the next section, we propose a "practical strategy" that does not depend on tracking the fast factor Y, but moves with the slow factor, which is more easily estimated.
Practical Strategy
The volatility and the growth rate processes µ are not directly observable, and in fact difficult to estimate on the short time scale, even with high-frequency data. For the multiscale stochastic volatility model (1), we propose a practical strategy whose principal term does not depend on tracking the fast moving volatility factor Y.
We start with the HJB equation (51), but label the value function for the constrained optimization
withV ε,δ (T, x, y, z) = U(x). Here, we have
where L 1 and M 1 are now defined as
We look for an expansion of the functionV ε,δ , first in powers of √ δ:
and of the controls:π
where the principal termsπ (0,ε) andπ (1,ε) will be sought so as not to depend on y.
Constructing the expansion
The equation forV ε,0 is obtained from (60) by setting δ = 0:
Next, we expandV ε,0 asV ε,0 =v (0) + √ εv (1,0) + εv (2,0) + · · · , and the controlπ (0,ε) =π (0) + √ επ (1,0) + · · · . Inserting the expansions and comparing powers of ε gives at order ε −1 :
and we choosev (0) =v (0) (t, x), independent of y, to satisfy this equation. At order ε −1/2 :
and we again choosev (1,0) =v (1,0) (t, x), independent of y, to satisfy this equation. At order one,
For the maximizerπ (0) to not depend on y, the quantity being maximized must be y-independent, and so we choosev (2, 0) to be a solution of
Of course the source of the Poisson equation (64) forv (2,0) is centered and a solution exists. With this choice ofv (2, 0) , (63) becomes
which is just the Merton PDE with separately fast-scale averaged σ 2 and µ:
The interpretation of this is discussed in the next subsection. Here, it is appropriate to introduce our usual (and modified) notations:
We also have:
Next, taking terms of order √ ε in (62), we havē
Forπ (1, 0) to not depend on y, we choosev (3, 0) to solve
As a consequence, (66) becomes
where the terms containingπ (1,0) have canceled.
From (64), we havev
where φ and ψ are solutions of the ODEs
Therefore we obtainL t,xv
By our usual calculations, we find the solution is given bȳ
Now we return to the δ-expansion (61), and collect terms in √ δ in (60), which gives:
Following the usual procedure, the terms in ε −1 and the terms in ε −1/2 show thatv (0,1) andv (1,1) do not depend on y. The terms of order one lead to the following Poisson equation forv (2, 1) :
Its centering condition and the formula (65) forπ (0) lead tō
where the terms includingπ (0,1) have canceled. The terminal condition for this PDE isv (0,1) (T, x, z) = 0. Using the same argument as in Proposition 3.2, we obtain the solution
In summary, we have obtained the following first order approximation to the value functionV ε,δ :
z + higher order terms, which has similar structure to the approximation (58) to the full value function, but with different averaged coefficients, which will be interpreted in the next subsection.
Interpretation
From (65), we observe that the practical strategy is the constant Sharpe ratio Merton strategy using the fastscale averaged growth rate and volatility parametersμ(z) andσ(z) respectively, evaluated at the current level of the slow factor. Indeed, it may happen that for some level z of the slow factor,μ(z) = 0, which implies the practical strategy is to hold no stock at that instant, even while the Sharpe ratio may be positive, thus giving up some utility from the risky asset. To assess the suboptimality, we compare with the value function approximation derived in Section 4 for the multiscale model, when the fast factor is assumed observable, and the principal term v (0) (t, x, z) is given by (54). Sincev (0) 
σ(z) ), the suboptimality of the practical strategy is, to principal order,
and is governed by the Cauchy-Schwarz gap
In other words, as ε ↓ 0, using the optimal strategy (observing both the fast factor Y and the slow factor Z) the value function converges to the Merton value with Sharpe ratio λ(z), while using the practical strategy, the expected utility converges to the smaller Merton value with Sharpe ratioμ (z) σ(z) . To simplify the discussion, we now suppose that µ is constant. Then λ 2 = µ 2 /σ 2 ⋆ , where σ ⋆ (z) is the harmonically square-averaged volatility defined by
Then the limit value function v (0) is the Merton value as if the volatility was the averaged quantity σ ⋆ (z), whereas the limit value of the practical strategy is the Merton value as if the volatility was the higher σ(z) ≥ σ ⋆ (z) (where equality holds only if the fast volatility factor was actually constant). The corrections √ εv (1,0) and √ δv (0,1) quantify the secondary level of suboptimality in using the practical strategy. The first term √ εv (1,0) depends on the quantity K(z), defined in (67). When µ is constant, so that ψ ≡ 0, a similar parameter appears in the option pricing asymptotics, as reviewed in Section 2.3, and can be estimated from the slope of the implied volatility skew:
Specifically, V ε 3 = √ ε V 3 , where V 3 was given in (29) after incorporating the slow scale factor z, and contains the effect of the correlation ρ 1 in the correction to the European option price. Then we have
The second correcting term √ δv (0,1) was given in (68). As in Remark 3.3, if µ is constant, then we can write
where V δ 1 was defined in (47), and contains the effect of the correlation ρ 2 . We refer to [Fouque et al., 2011, Chapter 5] for details of the calibration of V ε 3 and V δ 1 from option implied volatility surfaces. The performance of the practical strategy is measured in examples in the next section.
Examples & Numerical Solutions
We first look at the practical strategy compared with the utility of a strategy that tracks the volatility when it is fast mean-reverting and, for simplicity, with no slow component. We do this with the common family of power utilities, for which there are explicit solutions in the constant Sharpe ratio case. Then in Section 6.2, we introduce a family of mixture of power utility functions that allow for declining risk-aversion with increasing wealth. We demonstrate that the asymptotic approximation can be computed numerically in an efficient manner even when there is no explicit solution for the zeroth order problem, and show the effects of fast stochastic volatility at differing wealth and risk tolerance levels. In Section 6.3, we outline a proof of accuracy in the case of power utility and one volatility factor, where the HJB equation can be reduced to a linear PDE problem. Finally, in Section 6.4, we analyze the accuracy of our slow scale approximation in a one-factor stochastic volatility model for which there is an explicit solution under power utility.
Performance of the Practical Strategy under Power Utility and ExpOU Fast Volatility
The canonical example of a utility function on I R + is the power (or CRRA) utility:
where γ is the coefficient of risk-aversion, and c is a weight for use later. Then standard calculations are:
• Arrow-Pratt measure of relative risk aversion:
• Asymptotic elasticity: Kramkov and Schachermayer [1999] show AE[U] < 1 is a necessary and sufficient condition for a well-posed duality theory under quite general market models.
• Risk-tolerance function:
It is well-known that the constant Sharpe ratio value function is given by
and, the risk-tolerance function −M x /M xx = x/γ, independent of λ. From Section 2.1. 2, v (0) in the fast volatility approximation is given by v (0) (t, x) = M(t, x; λ). From (26), we compute that the fast scale correction is given by
and we have
We illustrate the corrected portfolio and the practical strategy in the case of fast volatility which is given by the expOU model:
and σ(Y t ) = e Y t . Here, the invariant distribution of the OU process Y is normal, N(m, β 2 ), where m is the long-run mean level of log-volatility and β is a "v-vol" (volatility of volatility) parameter. Within this model, the asymptotic parameters are easily computable. We will assume that the stock growth rate µ is a constant so that
, where σ 2 ⋆ is the harmonic average of σ 2 defined in (69). It follows thatσ = e m+β 2 , and σ ⋆ = e m−β 2 . The discrepancy betweenσ and σ ⋆ is a measure of the volatility of volatility β. Moreover, we can compute
(e β 2 /2 − e −β 2 /2 ), and
Therefore, B ε /K ε = − (σ/σ ⋆ ) 3 , and since K ε = −(µ/σ 2 ) 3 V ε 3 from (70), we have B ε = (µ/σσ ⋆ ) 3 V ε 3 . We define the relative certainty equivalent of the practical strategy by
where the certainty equivalents for the practical and optimal value functions are given respectively bȳ
Then, under power utility, RCE is wealth independent, and using the approximations (73) for V ε and
It can be expressed in terms of the volatility averagesσ and σ ⋆ , and the parameter V ε 3 which is proportional to the slope of the implied volatility skew, which is itself proportional to the correlation parameter ρ 1 , and so for equities is negative (the leverage effect).
Estimating σ ⋆ , the harmonically square-averaged volatility, from historical returns is not a simple problem, since the natural estimator would involve reciprocating returns which are often zero or close to zero, in contrast to estimating the usual square-averaged volatilityσ. As an illustration, here we take daily VIX data as a proxy for market volatility and estimateσ and σ ⋆ over two distinct two-year periods: The more recent period 2011-13 has lower volatility than the closer to the crisis period 2009-11, but coincidentally the measureσ/σ ⋆ of v-vol is near identical over those two periods. We point out that VIX has tended to systematically overestimate historical volatility, so these quantities provide a preliminary picture. Figure 1 shows the relative certainty equivalent using the formula (74) with γ = 3, in each period as a function of the skew slope parameter V ε 3 over values over the range estimated in [Fouque et al., 2011, Figure 5 .8] from S&P500 options data. The more negative values of V ε 3 come from the steep implied volatility skews during the crisis in late 2008 and early 2009. The figure shows that the relative certainty equivalent of following the practical strategy is quite high (96 − 99%) and that there is greater loss of utility in this measure as the skew becomes more negative (when the uncorrelated component of the stochastic volatility is smaller as the correlation moves towards −1). Moreover, it is over all higher and less sensitive to the slope change when average volatility is higher (the period 2009-11) . This suggests the conservatism of the practical strategy is of greater benefit in turbulent times. 
Mixture of Power Utilities
Now we take
Then we have
• Asymptotic elasticity:
The mixture of two powers allows nonlinear risk tolerances and and non-constant Arrow-Pratt risk aversions as a function of wealth, and also to mix unbounded above positive utilities (fractional powers with γ < 1) with unbounded below negative utilities (γ > 1). See Figures 2 and 3. How relative risk aversion varies with wealth is a subject of active empirical study, and we refer to Brunnermeier and Nagel [2008] and Liu et al. [2012] for some recent findings and debate. The mixture of two power utilities models declining risk aversion with increasing wealth, which one would naturally expect, and is supported by some of the empirical studies. 
Numerical Solution of Constant Volatility Merton Problem
The first term in the approximations for the value function under either fast or slow stochastic volatility is the Merton value function with a specific constant Sharpe ratio. Instead of solving the Merton PDE, (14) for fast volatility or (42) for slow, we solve for the risk tolerance function R (0) . In other words, we solve numerically the fast diffusion equation (22), namely
where λ 2 a here is either λ 2 for the fast, or λ(z) 2 for the slow (subscript 'a' for asymptotic). Then we have
and
where x max is large so that we can use large wealth asymptotics to insert v
x (t, x max ) and v (0) (t, x max ), and we have suppressed the z argument in the case of the slow volatility factor.
We solve the fast diffusion equation (76) with terminal condition (77) using implicit finite differences, viewing the PDE as linear with the diffusion coefficient frozen at the previous time step. On a N × J grid 
Accuracy of One-Factor Approximations under Power Utility
As is well-known, in models with only one stochastic volatility factor and when the utility function is of power type, the HJB equation can be reduced to a linear PDE by a distortion transformation. In this case, we outline the proof of accuracy of our approximations to the value function in the fast and slow cases. However the linearization does not generalize to several volatility factors.
Specifically, we consider the one-factor model
where W (0) and W (ξ) are Brownian motions with instantaneous correlation coefficient between volatility and stock price shocks ρ ∈ (−1, 1). The volatility factor ξ (driven by coefficients h and k) stands for either Y or Z with their corresponding coefficients. As derived in Zariphopoulou [2001] , the value function at wealth 
where the distortion coefficient q is given by q = γ γ+(1−γ)ρ 2 , and Ψ solves the linear PDE problem
Here λ(ξ) = µ(ξ)/σ(ξ), and L ξ is the generator of the process ξ:
Fast Factor Accuracy
In the fast factor case where we replace ξ t by Y t in (2), we have k(y) = 
where L 0 was defined in (5), and
This problem is now in the form of a singular perturbation problem of the type treated in Fouque et al. [2011] . Therefore we could re-derive the approximation in Section 2 starting with this linear equation, for this special power utility case. Moreover, the accuracy result proved in Fouque et al. [2011] can be straightforwardly adapted to show that, at a fixed (t, x, y),
where in this case v (0) = x 1−γ 1−γ g(t; λ) with g defined in (72), and v (1) is the fast factor correction given by (26). 
Slow Factor Accuracy
In the slow factor case where we replace ξ t by Z t in (34), we have k(z) = δc(z) and h(z) = √ δg(z), and the linear PDE (82) for Ψ(t, z) becomes
where M 2 was defined in (35), and
This problem is now in the form of a regular perturbation problem of the type treated in Fouque et al. [2011] , and we could re-derive the approximation in Section 3 starting with this linear equation, for this special power utility case. Moreover, the accuracy result proved in Fouque et al. [2011] can be straightforwardly adapted to show that, at a fixed (t, x, z),
where in this case v (0) = x 1−γ 1−γ g(t; λ(z)) with g defined in (72), and v (1) is the slow factor correction given by (46).
Attaining this type of accuracy result in our setting of multifactor multiscale models and general utility functions is beyond the scope of the current paper, and is the focus of a work in progress.
Comparison with an Explicit Solution
Staying within the one-factor stochastic volatility models (80)-(81), and under power utility, the coefficients µ(ξ) and σ(ξ) in (80), and h(ξ) and k(ξ) in (81) can be chosen so that the linear PDE problem (82) admits an explicit solution. This can be achieved for instance by making the coefficients of the PDE (82) affine in ξ, in which case the PDE reduces to ODEs of Riccati-type. Kraft [2005] takes ξ t to be a CIR process and µ(ξ) ∝ ξ, σ(ξ) ∝ √ ξ, so that λ(ξ) ∝ √ ξ, that is the Heston stochastic volatility model. Here, as another example, to illustrate the performance of our approximation, we work with a model considered in Chacko and Viceira [2005] where the volatility factor is slowly varying according to their fit to low frequency data, as described in the quote from their paper in our Section 1. Accordingly, we will now denote ξ by Z and use our notation for the slow factor in (34). The model studied in Chacko and Viceira [2005] has µ(z) = µ, σ(z) = z −1/2 , c(z
t .
They assume the standard Feller condition β 2 < 2m, which we note does not involve the time scale parameter δ. The process Z in this model is referred to as the "instantaneous precision", and the Sharpe ratio is λ(Z t ) = µ √ Z t . In the paper Chacko and Viceira [2005] , the authors derive explicit solutions for infinite horizon consumption problems, rather than the expected utility of terminal wealth problem we analyze here. However, we derive the explicit formula for their model for this problem as follows. The equation (83) for Ψ(t, z) becomes (84) for a range of δ, and using the parameters estimated from data in Chacko and Viceira [2005] : m = 27.9345, ρ 2 = 0.5241, µ = 0.0811, β = 1.12. We choose γ = 3, z = Z 0 = m and T = 2. The last value of δ is the value estimated from data: δ = 0.3374.
Conclusion
The impact of stochastic volatility on the problem of portfolio optimization can be studied and quantified through asymptotic approximations, which are tractable to compute. We have derived the first two terms of the approximations for the Merton value function, when volatility is driven by a single fast or slow factor, and Section 4 shows how these can be combined to incorporate both long and short time scales of volatility fluctuations. The methodology demonstrates progress that can be made in stochastic control problems in incomplete markets by viewing them as a perturbation around a complete markets problem which is wellunderstood.
There are a number of directions where similar techniques may play an effective role and we mention a few. First, the theory of forward utilities pioneered in Musiela and Zariphopoulou [2010] and related papers, where Black's fast-diffusion equation characterizes the evolution of utilities when volatility is constant. Second, problems where risk aversion is stochastic and correlated with market fluctuations is a natural issue when risk aversion and panic increases in market downturns.
The analysis here pertains to stochastic Sharpe ratio, which includes stochastic predictability of asset returns, that is stochastic µ and constant volatility, as discussed for instance in Wachter [2002] . Here, we have focused on the stochastic volatility interpretation because in the case µ constant, the asymptotic formulas can be related to quantities estimated from the implied volatility skew of option prices. A third direction would be to incorporate filtering of the stochastic predictability factor in a multiscale setting using asymptotic methods.
Finally, there is a long literature in the Merton problem under transaction costs, where asymptotic expansion in the cost parameter have been effective. We refer to the survey Guasoni and Muhle-Karbe [2013] for modern developments and background. The joint asymptotics to study the impact on portfolio choice of friction from both transaction costs and stochastic volatility is clearly of interest and a challenge.
